
R E F R A C T I O N  OF O B L I Q U E  S H O C K  W A V E  F R O N T  

AT B O U N D A R Y  W I T H  L E S S  R I G I D  M E D I U M  

A.  N.  D r e m i n  a n d  G. I~ K a n e l '  

Approximate methods a re  presented for calculating the unloading polars  (we replace the isentrope by 
a broken line on each segment  of which the sound speed is constant) and speed of sound behind the shock 
wave front in dense condensed media. The ref rac t ion pa ramete r s  found with the aid of these calculations 
a re  well confirmed experimental ly.  Equations a re  given for calculating the magnitude of the cr i t ical  angle 
of regular  ref lect ion of an oblique shock wave at the boundary with a less rigid medium and the magnitude 
of the angle corresponding to the maximal  flow deflection on the shock polar.  

The reflect ion and ref rac t ion of an oblique shock wave at the interface with a mater ia l  having g rea te r  
dynamic stiffness were  examined in [1-3]. In this case  the reflected wave is a shock wave. The pa rame-  
te rs  of the ref lected and re f rac ted  shock waves a re  determined graphical ly  in the coordinates:  p = p re s -  
sure ,  0 = angle of deflection of the flow at the intersect ion of the shock polar of the second medium with 
the shock polar  for the ref lected shock wave in the f i rs t  medium. However, if the second medium has less 
dynamic stiffness the ref lected wave is a fan-shaped rarefac t ion  wave (Fig. 1). Then the ref rac t ion pa- 
r a m e t e r s  are  defined by the intersect ion of the shock polar of the second medium with the unloading polar 
of the f i rs t  medium [4]. The unloading polars  a re  constructed by calculating the flow in the Prandt l -Meyer  
ra refac t ion  wave [4, 5]. However the exact calculation for mater ia ls  with a rb i t r a ry  equation of state is 
quite complex. In the present  paper  we propose an approximate method for calculating Prandt l -Meyer  
flow for condensed media which gives good agreement  with experimental  data. The solution of the problem 
of oblique shock wave front re f rac t ion  when transi t ioning into a medium with lower dynamic stiffness is 
necessa ry ,  for example, in calculating the shock compress ion  pa ramete r s  under explosive welding condi- 
tions and under the conditions of shock compress ion  of specimens in preservat ion  ampules.  
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Fig 1. Refract ion of oblique 
shock wave front at  boundary 
with less rigid medium: S 1 = 
incident shock wave front; 8 2 = 
re f rac ted  shock wave front; 
R = Prand t l -Meyer  ra refac t ion  
wave; morn = interface.  Arrows 
show direct ion of flow in coo r -  
dinate sys tem fixed with point O. 

1. Approximate Calculation of Flow in Prandt l -Meyer  R a r e -  
faction Wave. Prandt l -Meyer  flow is isentropic and is descr ibed in 
cyl indrical  coordinates by the following sys tem of momentum and 
mass  conservat ion equations 

dVr [ dvu, \ i dp 
"r dq) ' vq~i--~ q-Vr) = - -  P dq~ 

( 1 . z )  
d 

pvr § ~ (p%) = 0 

Here v _ and v_ a re  respect ively  the angular and radial  com-  
ponents of the flow velocity v, ~ is the coordinate angle, p density, 
p p re s su re .  The equations (1.1) are  wri t ten under the assumption 
that all the pa ramete r s  a re  constant along the coordinate radius.  The 
last  two equations imply equality of the flow veloci ty-angular  com-  
ponent to the local speed of sound 

% = c = ( a p / 0 ~ ) ~ '  

For  the approximate calculation we propose to replace the isen-  
t rope by a broken line on each segment  of which the speed of sound is 
constant (Fig. 2). For  e = vg o = const the Eq. (1.1) takes the form 
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Fig. 2. Construction of approximate isentrope. 

Fig. 3. Prandtl-Meyer rarefaction wave when isentrope 
is broken curve. Rarefaction takes place in shaded zones. 
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Calculated (solid curves) and experimental  sound 
speeds on shock adiabat versus  compression ratio for metals .  

Fig. 5. 1, 3) Shock polars of aluminum and plexiglass for 
v 0 = 14.2 k m / s e c ;  2) unloading polar for aluminum. 

dvr 1 dp dp 
d~ - ~ ,  "vT=- p--T d--~-' p ~ , + ~ - ~ - = 0  (i.2) 

Excluding dq~ from the f i rs t  and third equations (1.2), we obtain 

Vrd~ r = -- c~ d_~p (1.3) 
P 

Integration of (1.3) in the limits of an approximate isentrope segment,  on which the speed of sound is 
constant, yields 

V 2 ~ 2 - -  2 y 2 2 111 P n - - 1  
r , n - -  r , n - - 1  - -  v n  - -  n - - l - -  2 C n , n - - 1  p~ (1.4) 

Here the subscript  n - 1 re la tes  to the upper end of the isentrope segment,  andn - 1 applies to the lower 
end. We obtain the change of the coordinate angle for the given flow region by integrating the f i r s t  equa- 
tion (1.2) 

9 .  - -  9 ~ - - I  = ( % , .  - -  ~ . . . .  i )  / c . . . .  i ( 1 . 5 )  

The flow deflection angle 

0n,n-1-- (~  + an) - (~-z + %-1), a = a r c t g ( c / v r ) )  (1.6) 
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Fig. 6. a) Schematic of exper i -  
ment to determine ref rac t ion  
pa rame te r s :  1) explosive lens; 
2) explosive charge;  3) aluminum 
specimen; 4) Plexiglas specimen,  
height 10 mm; 5) Plexiglas plate; 
6) a i r  gap 0.1 mm thick; 7) m i r r o r ,  
a r row shows ray  direction to pho- 
to recorder ;  b) wave configuration; 
c) typical  photochronogram.  

where ~ is the local Mach angle. 

If the mater ia l  isentrope is a broken curve (i.e., the speed of 
sound changes in jumps) the unloading fan is not continuous. There  
are  flow zones with the same speed of sound, in which unloading 
takes place; between these zones the p ressure ,  density, and flow 
velocity v n a re  constant (Fig. 3) and correspond to the final values 
for the preceding rarefac t ion  zone or  the initial values for the next 

The magnitude of the radial  velocity component v + of the zone. 
k n 

flow entering the rarefaction zone is found from the relat'ion 

2 2 vn--  % , - - I  + (~r,~) ~ =  ~ + 3  (1.7)  %,~+I + (~r.~) 

where Vr, n is the radial  component of the flow velocity at the exit 
f rom the preceding ra refac t ion  zone. 

2. Speed of Sound Calculation. It has been established ex- 
per imental ly  that in the coordinates p-u ( p r e s s u r e - m a s s  velocity 
increment) the unloading isentrope and the two-s tage  compress ion  
shock adiabat for monolithic metals  deviate f rom the s ingle-s tage 
compress ion  shock adiabat by no more  than 3% for p re s su res  up to 
500 kbar  [6]. If we assume that the s ingle-s tage and two-s tage 
compress ion  shock adiabats coincide, then as noted in [2] we can 
wri te  the condition for equality of the p res su res  in single and 
double shock compress ion  for the same overal l  mass  velocity 
increments  

p (ul § ul,~) = p (uD § Pl,2 (ul,~) (2.1) 

where the subscr ip t  l deno tes the  initial pa rame te r s  ahead of the second shock wave front, and the sub- 
sc r ip t  1,2 denotes the pa rame te r s  of the second shock wave. The p r e s s u r e  jump in the shock wave front 
is p = P0Du. The connection between the shock wave front velocity D and mass  velocity jump u is usually 
represen ted  in the form D = c o + X u. Therefore  Eq. (2.1) may be rewri t ten as 

90 [Co ~-  ~, (Ul -}- Ul,2)l(ul ~-  U~,2) = p0 (Co ~- )~Ul) Ul ~-  plDI,~ ul,~ 

Hence we obtain the "second compres s ion '  shock adiabat 

where 

DI,~ = Cl ~- ~'1 Ul.2 

p0 co [~ + ~ (~ -- i)] 
cl = ~ -  (ce + 2 ~ 1 )  - -  ~ [ z - -  ), ( z - -  t)1 (2.2) 

It is natural  to a ssume that c 1 is the speed of sound at a given point of the shock adiabat. In fact, 
compar i son  of the values calculated using (2.2) with the experimental  values presented in [7] f rom m e a s -  
urement  of the speeds of sound in shock-compressed  metals  shows good agreement  (Fig. 4). In calculating 
the speeds of sound the shock adiabat for aluminum was used in the form D = 5.25 + 1.39 u. The shock 
adiabats of copper,  lead, and iron curve markedly with increase  of u. For  these metals we used the shock 
adiabats presented in [8], represen ted  in the form of s t ra ight  line segments  with different slopes.  

3. Approximate Calculation and Experimental  Determination of Oblique Shock Wave Refract ion 
P a r a m e t e r s  at Aluminum-Plexiglas  Interface .  In this study we calculated and verif ied experimental ly for 
a concre te  example the ref rac t ion  of an oblique shock wave in aluminum at the boundary with Plexiglas.  

In the calculation the overal l  density change in the rarefact ion wave is divided into segments  of mag-  
nitude APn, n_l = 0.1 g / c m  3. For  each segment  we used (2.2) to find the mean value of the speed of sound 
squared C~,n- 1. The corresponding decrease  of the p res su re  on the approximate isentrope was calculated 
as APn,n-1 = C2n,n-t = APn,n-1- Here it is assumed that for a fixed density the isentrope slopes a re  not ve ry  
sensi t ive to p ressure ,  which is confirmed by more  exact calculations [9]. The remaining flow pa ramete r s  
a re  found using (1.4)-(1.7). The shock polars for aluminum and Plexiglas and the unloading polar for alu- 
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m i n u m  c a l c u l a t e d  for  the  e x p e r i m e n t a l  cond i t i ons  a r e  shown in F i g .  5. F o r  the  c a l c u l a t i o n  of  the  P l e x i g l a s  
s h o c k  p o l a r  we u s e d  the  s h o c k  a d i a b a t  in t he  f o r m  D = (2.6 + 1.5 u) k m / s e c .  We s e e  f r o m  F i g .  5 tha t  t he  
un load ing  p o l a r  p r a c t i c a l l y  c o i n c i d e s  wi th  the  m i r r o r  i m a g e  of  the  shock  p o l a r .  Th i s  is  a p p a r e n t l y  due to 
t he  s m a l l  d i f f e r e n c e  b e t w e e n  the  s h o c k  a d i a b a t  and the  i s e n t r o p e  and the  s m a l l  d e g r e e  of  c o m p r e s s i o n  in 

t he  shock  w a v e .  

The  e x p e r i m e n t a l  d e t e r m i n a t i o n  of the  s h o c k  wave  f ron t  r e f r a c t i o n  p a r a m e t e r s  was  m a d e  us ing  the  
s c h e m e  shown in F i g .  6a .  Shock w a v e  f ron t  p a s s a g e  t h r o u g h  the  a i r  gaps  w a s  r e c o r d e d  by  a h i g h - s p e e d  
p h o t o r e c o r d e r  o p e r a t i n g  in t h e  s l i t  s cann ing  m o d e  on the  b a s i s  of  the  l u m i n e s c e n c e  of  t he  a i r .  A t y p i c a l  
p h o t o c h r o n o g r a m  is  shown in F i g .  6c.  The  p h o t o c h r o n o g r a m s  w e r e  u s e d  to d e t e r m i n e  the  s h o c k  wave  v e -  
l o c i t y  D o in t he  a l u m i n u m  s p e c i m e n s  and the  ang le  7 b e t w e e n  the  ob l ique  shock  wave  in the  P l e x i g l a s  and  
the  i n t e r f a c e  (F ig .  6b).  The  l a t t e r  was  c a l c u l a t e d  f r o m  the  equa t ion  

DoT / x sin ~ + cos ~ (3.1) 
~; ~ are ctg sin~ 

w h e r e  fl is  the  ang le  b e t w e e n  the  i n c i d e n t  shock  wave  f ron t  and the  i n t e r f a c e ;  T and x a r e  t he  i n s t a n t a n e o u s  
c o o r d i n a t e s  of t he  ob l ique  shock  wave  t r a c e  in the  P l e x i g l a s  on the  p h o t o c h r o n o g r a m .  The  s p e c i m e n  he igh t  
in t h e s e  e x p e r i m e n t s  was  10 m m ,  the  ang le  fi = 30 ~ The  m e a s u r e d  ( a v e r a g e  of  four  e x p e r i m e n t s )  p a r a m e -  
t e r s  w e r e :  D o = 7.1 ~= 0.1 k m / s e c ,  7 = 22.36 ~- 0.2 ~ The  p a r a m e t e r s  of t he  ob l ique  shock  w a v e  in P l e x i g t a s  
c a l c u l a t e d  f r o m  7 and v 0 = D 0 / s i n  fl have  the  v a l u e s :  D 1 = 5 .41 •  0.05 k m / s e c ,  Pl = 119.4 ~: 3 k b a r .  We s e e  
f r o m  F i g .  5 tha t  the  a g r e e m e n t  b e t w e e n  the  c a l c u l a t i o n s  and e x p e r i m e n t a l  v a l u e s  is  qu i t e  good.  

F o r  c o m p a r i s o n  we can  note  t ha t  fo r  fi = 0 the  shock  w a v e  v e l o c i t y  in P l e x i g l a s  D 1 = 5.50 k m / s e c ,  
w h i c h  c o r r e s p o n d s  to p = 126 k b a r .  F r o m  th i s  we can  c o n c l u d e  tha t  in t he  p r e s e n t  c a s e ,  as  in the  c a s e  of  
ob l ique  s h o c k  wave  r e f r a c t i o n  when p a s s i n g  into a m e d i u m  wi th  h i g h e r  d y n a m i c  s t i f f n e s s  [2], the  r e f r a c t i o n  
c o e f f i c i e n t  n = D 0 / D  I c h a n g e s  v e r y  l i t t l e  w i th  change  of  t he  a n g l e .  

4. R e f r a c t i o n  P r o c e s s  S t a t i o n a r i t y  L i m i t .  T h e r e  is  a c r i t i c a l  i n c i d e n c e  ang le  fi* upon e x c e e d i n g  
w h i c h  the  r e f l e c t e d  un load ing  w a v e  m o v e s  away  f r o m  the  i n t e r f a c e  and the  r e f r a c t i o n  p r o c e s s  b e c o m e s  non-  
s t a t i o n a r y .  The  a n g l e  fl* is  d e t e r m i n e d  by e q u a l i t y  of the  flow v e l o c i t y  beh ind  the  shock  wave  f ron t  ( r e l a -  
t i v e  to t he  po in t  of  i n t e r s e c t i o n  of t he  shock  wave  f ron t  w i th  the  i n t e r f a c e )  and the  s p e e d  of  sound behind  
t h e  s h o c k  w a v e  f ron t ,  i . e . ,  

(D --  u) 2 + D ~ ctg2 8" = ca (4.1) 

If the  s p e e d  of sound  is e x p r e s s e d  t h r o u g h  (2.2) the  e x p r e s s i o n  fo r  the  m a g n i t u d e  of  t he  c r i t i c a l  ang le  
a s  a f tmct ion  of  the  s h o c k  w a v e  p a r a m e t e r s  is  o b t a i n e d  in t he  f o r m  

ctg [3* = (D -- ~) D -2 [~u (2/9 -~ ~,u)] '/2 (4.2) 

Equa t ion  (4.2) can  be  u s e d  to c a l c u l a t e  the  l a t e r a l  un load ing  ang le  when a c y l i n d r i c a l  s p e c i m e n  is  
l o a d e d  by  a p lane  shock  wave  [7]. 

Knowing the  d e p e n d e n c e  of  t he  c r i t i c a l  ang le  m a g n i t u d e  on the  s h o c k  wave  p a r a m e t e r s ,  we  can  d e t e r -  
m i n e  w h e t h e r  o r  not  in t he  c a s e  of c o n d e n s e d  m e d i a  the  flow c o r r e s p o n d i n g  to the  m a x i m a l  ang le  of  d e f l e c -  
t i on  on  t h e  s h o c k  p o l a r  is  s u b s o n i c  r e l a t i v e  to  the  ob l ique  s h o c k  w a v e  f ron t .  I t  i s  shown in [5] t ha t  in t h e  
c a s e  of  an  i d e a l  gas  t he  m a x i m a l l y  d e f l e c t i n g  flow is s u b s o n i c .  

In the  v a r i a b l e s  0 (flow d e f l e c t i o n  angle)  and u ( m a s s  v e l o c i t y  jump  in the  shock  w a v e  front)  the  
s h o c k  p o l a r  fo r  c o n d e n s e d  m e d i a  is  r e p r e s e n t e d  in t he  f o r m  

e0-~- ~u c0+ ( k -  i) u 
0 -~ arc sin v ~  arc tg jr,02 _ (co + ~.u/- (4.3) 

The  m a x i m a l  f low d e f l e c t i o n  ang le  is  de f ined  by  the  cond i t i on  d 0 / d u  = 0. A f t e r  d i f f e r e n t i a t i o n  and 
s i m p l i f i c a t i o n ,  t he  cond i t i on  fo r  t he  m a x i m a l  flow d e f l e c t i o n  a n g l e  is  o b t a i n e d  in the  f o r m  

vo 2 - -  D 2 = ~,u ( D  - -  u)  ( 4 . 4 )  

F o r  t h i s  c a s e  t he  s h o c k  wave  f ron t  i n c i d e n c e  ang le  t im is  de f ined  as  

ctg ~ra ~ D - l  (vo ~ - D 2 / h  = D - I  [%~ (D - -  u)] 'I~ (4.5) 

C o m p a r i s o n  of fl* and  t im shows  tha t  fo r  h >-- 1.5,  t im > f l* ,  w h i l e  fo r  h < 1.5 t he  r a t i o  f l * / t i m  in-  
c r e a s e s  wi th  i n c r e a s e  of  u and e x c e e d s  the  v a l u e  1 if 
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(2)~ - -  3 )  u ~ ~- co (3)~ - -  2 )  u -t- co 2 = 0 

This impl ies  that  in condensed media  the maximal ly  deflecting flow may be e i ther  subsonic or  super -  
sonic.  We can make  another  r e m a r k  which is s ignificant  for  p rac t i ca l  appl icat ions.  The conditions at the 
in te r face  for  r e f r ac t ion  of an oblique shock wave requ i re  equality of the p r e s s u r e s  in the r e f r ac t ed  and r e -  
f lected waves  and p a r a l l e l i s m  of the flows, but equality of the flow veloci t ies  is not requi red .  T h e r e f o r e  
the flow veloci ty  components  para l le l  to the in ter face  in the r e f r a c t e d  and re f lec ted  waves  may differ ,  i .e . ,  
the in te r face  may  be a tangential  discontinuity.  
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